We show that for a monoidal model category M = (M , ⊗, I), certain co-Segal M -categories are equivalent to strict ones.
where the vertical map is a weak equivalence.
Such structure is defined as a lax functor C : (S X ) 2-op −→ M satisfying a homotopy condition (vertical maps being weak equivalence). Here (S X ) 2-op is a strict 2-category build out of a set X and M is a symmetric monoidal model category (viewed as a 2-category with a single object). The set X is the set of objects of C .
The philosophy of co-Segal categories is to reserve the Segal situation, but this is not the only difference. Indeed, Segal categories are defined by simplicial diagrams satisfying some homotopy conditions (Segal conditions) whereas the definition of co-Segal categories mixes both simplicial structure, homotopy conditions together with algebraic data (the map ϕ above and his cousins). And it seems that the the presence of algebraic data creates some obstruction to have a nice homotopical understanding of these structures.
For example, as far as the author knows, we cannot guarantee that the category of Mvalued lax functors inherits the left properness of M . Strict M -categories correspond to co-Segal categories that are purely algebraic, in the sense that the simplicial structure and homotopy conditions are trivial: everything is given by identity morphisms.
In this paper we investigate the strictification problem for co-Segal M -categories for a (symmetric) monoidal model category M . So morally we try to find an analogue of Bergner's strictification theorem for Segal categories (see [4] ). We have the following theorem
Theorem (4.4). Every excellent co-Segal M -category is equivalent to an M -category with the same objects and having a strict composition and weak identity morphisms.
As one can observe this is not totally a strictification theorem since it concerns only the ones we've called excellent (Definition 2.5). We don't know if the theorem holds for all co-Segal categories.
Even if we don't know examples of non-excellent co-Segal categories, there are some reasons from the theory of triangulated categories that suggest that not all co-Segal categories admit a strict model. In fact it was acknowledged to the author that F.Muro has examples of triangulated categories that don't have dg-enhancement (see also [10] ). But it is more likely that such triangulated category be can be enhanced by a co-Segal (dg)-category which, a posteriori, shouldn't be equivalent to a strict one.
Our theorem goes in the direction of Simpson's conjecture which says that "higher categories are equivalent to ones that admit a strictly associative composition but weak identities" (see [13] ). A particular case of the conjecture has been proved by Joyal and Kock (see [7] ).
To prove the theorem we simply use the fact a weak equivalence between cofibrant Reedy diagrams induces an equivalence on the colimits. And being excellent ensures that we are in this case up-to a weak equivalence.
We give a weaker version of the previous result in Theorem 4.6. Unfortunately even this weaker version doesn't not induce a Quillen equivalence between arbitrary co-Segal categories and strict categories.
Finally we would like to remind the reader that co-Segal categories that are considered here have homotopy units. And that the previous theorem gives a strictification for the composition and not the units. We will address the strictification of homotopy units in a different work.
Excellent lax diagrams

Preliminaries
Warning. In this paper all the set theoretical size issues have been left aside 1 . Some of the material provided here are well known facts and we make no claim of inventing or introducing them. Unless otherwise specified when we say 'lax functor' we will mean the ones called normal lax functors or normalized lax functor. These are lax functors F such that the maps 'Id −→ F(Id)' are identities and all the laxity maps F(Id) ⊗ F(f ) −→ F(Id ⊗f ) are natural isomorphisms.
In the following C is a locally Reedy 2-category (henceforth lr-category) which is simple in the sense of [2] . This means that each hom-category C(A, B) has a Reedy structure together with a degree that is compatible with compositions. Consider ← − C the 2-category obtained by keeping only the inverse category of each C(A, B).
Definition 2.1. Say that C is an inverse divisible locally Reedy 2-category if every composition functor:
is a Grothendieck fibration.
For a monoidal category M = (M, ⊗, I), we will denote by Lax(C, M ) n the category of normal lax functors and icons; and by
We have a forgetful functor:
Let F : C −→ M be lax diagram in a complete monoidal category. Given a 1-morphism z ∈ C(A, B), one has the corresponding notions of:
1. lax-latching object of F at z: Latch lax (F, z); 2. lax-matching object Match lax (F, z) = Match(F AB , z); 3. and the classical latching object Latch(F AB , z). Remark 2.2. We have canonical maps:
and one important map:
1 We can work with universes U V · · · 2 This hold for arbitrary 2-categories C and not only for lr ones
We have a factorization of the map Latch(F AB , z) −→ F(z) as:
And if M is a monoidal model category then we can define corresponding notion of Reedy cofibrations and Reedy fibrations. Denote by Π C (M ) -Reedy the product Reedy model structure on Π C (M ) = A,B Hom[C (A, B) , M]. Similarly we will denote by Π C (M ) -proj the product projective model structure. 
is a right Quillen functor;
2. if C is totally direct i.e, C = − → C , then we have a 'projective' Quillen:
. if all objects of M are cofibrant and M is cofibrantly generated, then for any C we also have a projective Quillen adjunction:
between cofibrantly generated model categories.
Proof. 
Excellent lax diagrams
From now on we will work with the Reedy model structure.
Recall that for M = (sSet, ×, 1), the cofibration are precisely the monomorphisms. A direct consequence of Remark 2.2 is that: Proposition 2.6.
1. For an arbitrary M , a cofibrant lax diagram F ∈ Lax(C, M ) n in the Reedy structure is excellent if for every z the canonical map
is a cofibration.
For
is excellent if and only if for every z, the map δ z is a cofibration.
Proof. Indeed being cofibrant in the lax-Reedy structure the canonical map hereafter is a cofibration:
Therefore if in addition the maps δ z :
is also a cofibration, then so is the composite:
Thus F AB is Reedy cofibrant for all (A, B) ∈ Ob(C) 2 and F is excellent.
Assertion (2) is elementary. Indeed if the composite
is a monomorphism, then so is
It follows immediately that U-cofibrations are closed under composition and retract. Denote by Γ : 
Sketch of proof.
Denote by I the generating set of cofibrations in Π C (M ). By definition of the model structure on Lax(C, M ) n , the set Γ(I) constitutes a set of generating cofibrations in Lax(C, M ) n (see [2] ).
Then a cofibration in Lax(C, M ) n is just a relative Γ(I)-cell complex. Therefore it's enough to show that in a pushout square
where α ∈ I, then the map F −→ F ∪ ΓA ΓB is also a U-cofibration. To calculate that pushout, one starts by taking the pushout between the underlying diagrams in Π C (M ).
And as in any model category, projective cofibrations are closed under pushout; it follows that the first canonical map is also a projective cofibration. This map modifies F and all the trick is to build the pushout out of that modification. The hypothesis 'all objects are cofibrant' is used to guarantee that cofibration are closed by tensor product.
In the end the map F −→ F ∪ ΓA ΓB is a transfinite composition of projective cofibrations and therefore is a projective cofibration. We refer the reader to [2] for the details on that pushout.
Notation 2.9.
1. For each pair (A, B) ∈ Ob(C) 2 , let p AB be the projection functor:
2. p AB has a left adjoint δ AB which is the 'Dirac mass' (see [2] ).
3. Let I AB (resp. J AB ) be a set of generating cofibrations (resp. trivial cofibrations) for Hom(C(A, B), M).
By lifting properties and adjunction one can clearly have:
Lemma 2.10.
The sets
{δ AB (α); α ∈ J AB } constitutes a set of generating cofibrations (resp. trivial cofibrations) of Π C (M ).
Similarly the two sets:
are generating set of (trivial) cofibrations for Lax(C, M ) n
Excellent co-Segal precategories
From now we take C = (S X ) 2-op . Recall that (S X ) 2-op is entirely direct (as ∆ op epi ) so the Reedy and projective model structure on both Π C (M ) and Lax(C, M ) n are the same.
In this case we can explicitly write a formula for the left adjoint Γ.
op , M ], ΓG is given by the formula:
) be a monoidal category having an initial object 0 and such that for every m ∈ M, 0 ⊗ m ∼ = 0.
we have:
. Therefore is we have an l-tuple (s 1 , ..., s l ) of composable morphisms such that the composite is z and s i = z; then if A = B, necessarily there is at least one s i / ∈ C(A, B). It follows that the only summand in Γ(δ AB (G))(z) that is different from 0 is G(z) and the proposition follows.
Obstruction of Excellence
From the previous corollary together with Lemma 2.10, it's clear that if for every A ∈ Ob(C) and any α ∈ I AA , we have Γ(δ AA (α)) is a U-cofibration; then every cofibration is U-cofibration. One can observe that we no longer have
, there can be non trivial summand that contain a tensor product in Γ(δ AA (G))(z).
Remark 2.13. It's precisely the presence of algebraic data that kills the 'projectiveness' of cofibrations. The main reason is that the category Arr(M ) of arrows of M with it's projective model structure; cofibration are not (necessarily) closed under tensor product.
One can establish the following.
) is a monoidal model category such that all objects are cofibrant then: equivalent.
In the adjunction
is U-cofibrant and hence excellent. It follows that for any G, ΓG is excellent.
Every M -category is excellent
Proof. Assertion (2) is clear since all object are cofibrant. In fact M -categories correspond to the locally constant lax diagrams. And given a category with an initial object E, e.g S X (A, B) op with E = (A, B), constant diagrams correspond to the essential image of the left adjoint F E of the evaluation at E. And since F E is a left Quillen functor with respect to the projective model structure, then the result follows. One can alternatively check this by lifting properties agains all fibrations.
For Assertion (1) we proceed as follows. Let z be a 1-morphism in (S X ) 2-op (A, B). Recall that z is a sequence (A, ..., A i , ..., B) . If ∂ z represents the classical latching category at z; then the particularity of (S X ) 2-op is that:
Claim. For any 1-morphism z of (S X ) 2-op , and any presentation (s 1 , ..., s l ) of z, we have an isomorphism:
In fact we leave the reader to verify that this is true in any direct divisible lr-category (see [3] ). And thanks to this isomorphism and from the formula of Γ one has that for any G:
If G is cofibrant then, by definition every map
is a cofibration (with cofibrant domain). And since cofibrations with cofibrant domain are closed under tensor product and coproduct, one clearly have that the canonical map:
is also a cofibration.
New model structure for precategories
In the following we still work with C = (S X ) 2-op for some set X. Let's write for simplicity
We assume that M is a combinatorial monoidal model category. It can be shown that the projective (=Reedy) model structure in the previous sections is also combinatorial (see [2] ).
In this section we are going to construct another model structure on M S (X) that will be used in the upcoming sections. We will use Smith's theorem (see for example [6] ).
Consider the following maps in M S (X).
1. Let I ex be the set of maps A =B {Γ[δ AB (α)]; α ∈ I AB }; 2. Let J ex be the set of maps A =B {Γ[δ AB (α)]; α ∈ J AB }; 3. Let W ex be the class of maps σ such that for A = B, the component U(σ) AB is a level-wise weak equivalence. We will identify W ex with the subcategory generated by these maps in M S (X).
It follows that any (old) weak equivalence in M S (X) proj is in W ex and that W ex is closed by composition and retract. Using the fact we already have a model structure on M S (X) and thanks to Smith's theorem one has: Theorem 2.15. There is a cofibrantly generated model structure on M S (X) with :
1. I ex as the set of generating cofibrations; 2. J ex as the set of generating trivial cofibrations;
W ex as the subcategory of weak equivalences.
The model structure is combinatorial and will be denoted by M S (X) ex .
The identity functor M S (X) proj −→ M S (X) ex is a right Quillen functor.
Proof. All the criterions of Smith's theorem are easily verified. Indeed since maps in J ex are old trivial cofibrations, the pushout along a map in J ex is an old trivial cofibration and in particular an old weak equivalence, thus in W ex .
Finally (trivial) fibrations in M S (X) proj are also new (trivial) fibrations since we have smaller set of generating (trivial) cofibrations.
Locally constant lax functors and enriched categories
Indiscrete or coarse category
Recall that the 'object functor' Ob : Cat −→ Set that takes a category B to it set of objects Ob(B), has a left adjoint disc : Set −→ Cat 'the discrete functor'. It turns out that this functor has also a right adjoint indisc : Set −→ Cat. We will denote by X := indisc(X). By definition for any category B and any set X we have an isomorphism of sets:
Hom(B, X) ∼ = Hom(Ob(B), X) functorial in X and B; where the left-hand side is the set of functors from B to X while the right-hand side is the set of functions from Ob(B) to X. Below we give a brief description of X.
Brief description of X The category X is the terminal connected groupoid having X as the set of objects. There is precisely a unique morphism between any pair of elements:
The composition is the unique one: the bijection 1 × 1 ∼ = 1. Given a function g : Ob(B) −→ X, the associated functor g : B −→ X is given by the (unique) constant functions
Remark 3.1. If X has two elements then X is the "walking-isomorphism category" in the sense that any isomorphism in a category B is the same thing as a functor X −→ B.
An adjunction lemma
In classical 1-category theory, given an indexing category J one define the colimit functor
as the left adjoint of the constant functor c * :
Below we extend, locally, this fact to (normal) lax-functor when J is a 2-category.
Definition 3.2. Say that a (normal) lax functor
The reader can check that such a (normal) lax functor is the same thing as a (semi) M -category whose set of objects is Ob(J); the hom-object between i and j is the value of F ij .
Denote by c * Lax(J, M ) ֒→ Lax(J, M ) the full subcategory of locally constant lax functors and transformations which are icons (see [8] ). We can rephrase the above adjunction using the previous observation that we have an adjunction Ob ⊣ indisc that is also valid for 2-categories. This means that for any 2-category J and any (nonempty) set X then we have an isomorphism of sets:
The unit of this adjunction (when X = Ob(J)) gives a canonical 2-functor
Then the lemma says essentially that the pullback functor
when M is cocomplete.
Note. This situation is a left Kan extension for lax functors and there is a general statement for 2-functors J −→ J ′ but we will not go through that here (see [2] ).
Sketch of proof.
For a lax functor F one construct the adjoint-transpose by taking the colimit of each component F ij of F. Let m(i, j) := colim F ij . As M is monoidal closed, colimits distribute over ⊗. Consider the following compatible diagram which ends at m(i, k):
We get a unique map by universal property of the colimit:
For the coherence axiom, one considers the compatible diagram ending at m(i, l) as
Note that there are two ways to go from F ij s ⊗ F jk t ⊗ F kl u to F il (s ⊗ t ⊗ u) and the coherence for F says that the two ways induce the same map.
By the universal property of the colimit we get a unique map that makes every thing compatible:
On the other hand we have two other maps in
If we restrict these two maps to F ij s⊗F jk t⊗F kl u, one gets the same compatible diagram; thus by uniqueness of the map out of the colimit we get that γ 1 = γ 2 = γ 3 and the coherence axiom follows. We leave the reader to check that the unit axiom holds also.
We will make an abuse of notation and write M -Cat(X) be the category of semi Mcategories with fixed set of objects X. We endow M -Cat(X) with its canonical model structure (= projective). A direct consequence of the previous lemma is that:
Corollary 3.4.
We have a Quillen adjunction
where || is left Quillen and ι is right Quillen.
We also have a Quillen adjunction:
In both M -Cat(X) and M S (X) proj (trivial) fibrations are level-wise and we get Assertion (1). Assertion (2) is obvious and follows from Theorem 2.15.
Remark 3.5. From the lemma we know that for any co-Segal pre-category F there is a semi-M -category |F| which is the adjoint transpose of F. The co-unit of the adjunction if a transformation σ : F −→ |F| of lax-morphisms.
A natural question is to ask whether or not the canonical map σ : F −→ |F| a weak equivalence. If this map is a weak equivalence then we will say that that we have a (semi) strictification of F. We treat this question in the next section.
Quasi-strictification
Given a co-Segal M -category F a natural candidate to consider is |F| constructed previously. The map σ : F −→ |F| will be a weak equivalence if and only if we can show that for every (A, B) , the canonical map F(A, ..., B) −→ colim F AB is a weak equivalence. This problem can be formulate in general as follow
is a weak equivalence for all morphism i −→ j of J; is the canonical map F(i) −→ colim F a weak equivalence ?
The answer to that question is negative in general as illustrated in the following example.
Example 4.1. The coequalizer hereafter is not equivalent to all other objects:
As we shall see in a moment there are some cases where we have an affirmative answer. More precisely we have: Proof. By 3-for-2 it's enough to have that F(e) −→ colim F is a weak equivalence.
As J has an initial object, then automatically J has cofibrant constant in the sense of [5, Def. 15.10.1] . Now If F is Reedy cofibrant then necessarily F(e) is cofibrant in M since the latching category of J at e is empty. It follows that the constant diagram c * (F(e)) is Reedy cofibrant.
Now as e is initial, we have a canonical natural transformation η : c * (F(e)) −→ F which is a point-wise weak equivalence of Reedy cofibrant diagrams. Consequently taking the colimit preserve weak equivalences, thus F(e) −→ colim F is a weak equivalence in M . The proof of the theorem is a direct application of Proposition 4.2.
Proof of Theorem 4.4. Let F : (S X ) 2-op −→ M be a unital co-Segal category. Since being unital is stable under weak equivalence we can assume that F is U-cofibrant. As U(F) is projective cofibrant in (A,B)∈X 2 Hom(S X (A, B) op , M ), this means that each component
op , M ) proj is projective cofibrant. Being projective cofibrant allows computing the homotopy colimit of F AB as the usual colimit of F AB .
By Lemma 3.3 we get a semi-M -category |F| by declaring |F|(A, B) := colim F AB . |F| is a locally constant object of M S (X) equipped with a canonical map σ : F −→ |F| in M S (X). Thanks to Proposition 4.2, all canonical maps F(A..., B) −→ colim F AB are weak equivalences; these maps are exactly the components of σ : F −→ |F| which means that σ is a weak equivalence in M S (X).
|F| is a strict semi-category with a strict composition; it inherits of the (weak) unities of F since σ is a weak equivalence and the theorem follows.
We have an immediate consequence. Proof of the corollary. Let F be an U-cofibrant co-Segal category and A be a category. Given a morphism σ : F −→ A in M S (X), then by adjunction we can factorize that map as:
From the proof of the theorem we know that the canonical map F −→ |F| is always a weak equivalence if F is an U-cofibrant co-Segal category. Then by 3-for-2, we get that σ is a weak equivalence in M S (X) if and only if σ ′ : |F| −→ A is a weak equivalence in M -Cat(X).
Moreover both functors ι and || preserve weak equivalences and || • ι = Id. The rest is just a categorical argument on localization of categories.
The next move is to go from quasi-strictification to strictification. This is a general issue and will be discussed in full generality in a different work.
The previous theorem has a weaker version using the model structure M S (X) ex .
Theorem 4.6. Every co-Segal category in M S (X) ex is equivalent to a strict one.
Proof. Let F be a co-Segal category. Then up to a cofibrant replacement we can assume that F is cofibrant. Note that such cofibrant replacement is only, a priori, partially co-Segal.
By definition of the model structure on M S (X) ex , since F is cofibrant then for A = B the functor
is projective cofibrant and take its values in the subcategory of weak equivalences (partial co-Segal conditions). Then from Proposition 4.2 we get that for A = B all canonical map
are weak equivalences. This means that F −→ |F| is a weak equivalence in M S (X) ex .
Commutative co-Segal monoids
Preliminaries
Following Leinster [9] , we will denote by Φ the skeletal category of finite sets: its objects are finite sets n = {0, ..., n − 1} for each integer n ≥ 0; and its morphisms are all functions. Φ has a monoidal structure given by disjoint union, which is a symmetric operation. So we have a symmetric monoidal category (Φ, +, 0), where + is the disjoint union and 0 is the empty set.
Let Γ be the category considered by Segal in [12] . The objects of Γ are all finite sets, and a morphism from S to T is a morphism from S to P (T ), the set of subsets of T . Here 'SColax' stands for symmetric colax monoidal functors. Following the above result and the Segal formalism, Leinster considered weak commutative algebra (or monoid) in a symmetric monoidal category M = (M , ⊗, I) having a subcategory of weak equivalence W which satisfies certain properties; we called in [1] , the pair (M , W ), a base of enrichment. The following definition is due to Leinster. 
The co-Segal formalism
Colax diagrams are difficult to manipulate for a homotopical and categorical point of view. For example computing limits in the category SColax[(Φ, +, 0), (M, ⊗, 1)] is not straightforward ! For this reason we will change colax to lax using the co-Segal formalism. Let Φ epi be the subcategory of Φ having the same objects but only morphisms which are surjective. Φ epi is the 'symmetric' companion of ∆ epi . It's easy to see that that we a symmetric monoidal subcategory (Φ epi , +, 0) ⊂ (Φ, +, 0). We have an obvious (nonsymmetric) monoidal functor If C is a commutative co-Segal monoid, then as in the noncommutative case the monoid structure is on the object C(1). The commutative quasi-multiplication is obtained as before.
A direct consequence of the result of the previous section is:
Theorem 5.4. Every commutative excellent co-Segal monoid is weakly co-Segal equivalent to a commutative one which is strictly associative.
